Abstract
Introduction

Reduced-MHD Equations
Seven physical variables are treated: poloidal flux Ψ, stream function u, toroidal current density 48 j, toroidal vorticity ω, density ρ, temperature T , and velocity v || along magnetic field lines. The 49 normalization of the relevant quantities is listed in Table 1 .
50
Variables j and ω are connected to Ψ and u by the definition equations
where ∇ pol denotes the del-operator in the poloidal plane, R the major radius, and Z the vertical 52 coordinate. The time-evolution of the remaining five free variables is described by the following 53 set of equations (called physics-model "302" in JOREK):
In every time-step, Equations (1-7) are solved simultaneously in weak form as a large sparse 55 implicit system of equations. The velocity vector is defined as 
the pressure is p = ρT , and κ = 5/3 denotes the ratio of specific heats. Here,ê φ denotes the Table 2 .
75
The temporal discretization is performed by a fully implicit second-order linearized Crank-
76
Nicholson scheme [18] . In the resulting large sparse system, all physical equations and all based preconditioning is applied at the beginning of each GMRES solver step. In the precondi-79 tioning, the coupling between the sub-matrices corresponding to individual toroidal harmonics 80 is neglected which allows to solve each sub-system separately. This is performed using the direct 
77
Simulations
83
Simulations of edge-localized modes are one of the most challenging tasks in fusion MHD 84 numerics. The problem must be treated in realistic X-point geometry as the mode-affected 85 region extends from inside the H-mode pedestal into the scrape-off layer, the vacuum region,
86
and to the divertor legs. High spatial resolutions in all dimensions are required due to the small 87 scales of the structures and the large radial gradients of equilibrium quantities at the pedestal. Due to the comparably low poloidal resolution, only plasma resistivities significantly larger than in the experiment can be resolved. The respective simulation parameters are listed in Table 3 . Figure 1 : The flux-surface aligned X-point grid with 5500 Bezier finite-elements is shown. The number of grid points are: 96 poloidal points, 40 radial points inside the separatrix, 15 radial points outside the separatrix, 9 "radial" points in the private flux region, and 9 grid points along the divertor legs. For the eta6 simulations, these numbers are all increased by a factor of √ 2, leading to about 11000 Bezier elements. plasma with a core density of 6 · 10 19 m −3 is assumed. The heat diffusion anisotropy,
takes a value of 7 · 10 6 at the separatrix.
132
The spatial resolution required for the simulation is, amongst others, determined by the resistive 
137
The following data are used as inputs for the JOREK simulation: Figure 2: Profiles of (a) plasma pressure and (b) safety-factor are shown for the plasma equilibrium used in the simulations.
• From experimental measurements: Temperature and density profiles, and toroidal mag-netic field strength. The pressure profile is shown in Figure 2a .
140
• From CLISTE-equilibrium reconstruction based on experimental measurements: FF -
141
profile and the values of the poloidal Flux Ψ at the JOREK computational boundary. Here,
142
F = (2π/µ 0 ) J pol, SI is proportional to the poloidal plasma current, J pol , and F = dF/dΨ.
143
The q-profile of the equilibrium is shown in Figure 2b .
144
In JOREK simulations, the Grad-Shafranov equation is solved first based on these input param-
145
eters. The equilibrium perfectly agrees with CLISTE (q-profile, flux surfaces, etc.). After that,
146
an "equilibrium refinement" phase is required where the time-evolution equations are solved taking into account some or many toroidal Fourier modes depending on the case considered.
150
Instabilities then develop out of an initially very small random perturbation. 
Simulation Results
152
In the following, the simulation results are described and analyzed. Section 4.1 addresses sim- 
166
The ballooning-structure that develops at the whole low-field side of the plasma is shown in Figure 3: Time-traces of the magnetic and kinetic energies contained in the individual toroidal harmonics are plotted for the simulation with periodicity 8. The n = 8 mode is linearly more unstable than the n = 16 mode and also remains dominant when non-linear saturation sets in. Due to non-linear mode-interaction, the growth rate of the n = 16 mode increases significantly at t = 284 µs. The n = 0 magnetic energy is dominated by the toroidal magnetic field which is fixed in time as described in Section 2.1. 
High Toroidal Resolution
Now, the same setup as in the previous Section is considered at periodicity 1: All toroidal modes perturbation which remains dominant also at the beginning of non-linear saturation (t ≈ 300 µs).
196
A first important effect that cannot be covered in simulations with low toroidal resolution (i.e., 
202
The developing density perturbation is shown in Figure 6 . Also with high toroidal resolution, 
210
The localization of the perturbation becomes even more obvious when the magnetic footprint 211 of the mode is considered. in Figure 7 , the perturbation of the poloidal magnetic flux is plotted 212 for simulations with different periodicities. Clearly, the localization of the mode can only be 213 described correctly in simulations with periodicity 1. Figure 8 shows the perturbation of the 214 poloidal flux at the outboard midplane versus the toroidal angle.
215
The perturbation is already localized in the linear phase of the mode. A qualitative change 216 between the linear and the non-linear phases is shown in Figure 9 , where the current perturbation 217 is plotted for two different time-frames in the simulation with periodicity 1. In the non-linear 218 phase where the ballooning-fingers become visible in the density perturbation, the previously 219 alternating current filaments merge at the position of the separatrix around the outer midplane.
220
Large areas with positive respectively negative currents are created. 
Towards more Realistic Resistivities
230
This Section briefly shows results for simulations with the plasma viscosity and resistivity re-231 duced by a factor of 10 (eta6 cases) compared to the simulations shown above. To be able to 232 resolve these more realistic parameters, the number of 2D Bezier elements in the poloidal plane 233 was increased by a factor of two. These simulations need to be considered with care as the most 234 unstable mode is n = 13 while we do not take into account mode numbers beyond n = 16 for 235 computational reasons.
236
It can be seen that a strong localization of the perturbations is observed at periodicity 1 as 237 in the eta5-cases. This is shown for the perturbation of the poloidal flux in Figure 11 . In Figure 8: The perturbation of the poloidal flux at the outboard midplane is shown for the simulation with periodicity 1 versus the toroidal angle for two transits around the torus. The perturbation amplitude shows a strong toroidal variation equivalent to a localization of the perturbation to ∆φ ≈ 3 rad (f.w.h.m.). As equilibrium, boundary conditions, and sources are completely axi-symmetric, the localization position is essentially arbitrary which proves to be true when looking at a set of different simulations. 
Comparison to Experiments
251
In this Section, some properties of the simulated edge instabilities are compared to experimental indicates that different mechanisms are responsible for the localization in our simulations.
275
The dominant toroidal mode-number turns out to be 10 in the simulations. With the plasma 276 resistivity reduced towards more realistic values, the dominant mode number shifts towards 13. Low-n modes gain large amounts of energy non-linearly in our simulations with periodicity 1.
284
This allows them to interact much more efficiently with core-MHD modes like tearing modes 
293
In the simulations, the radial velocity of the developing finger structures saturates at about ity. In experimental measurements, the radial filament speed is found to be distributed around 299 1 km/s in ASDEX Upgrade [32, 33] . Filament speeds faster than 2 km/s occur in 20% of the 300 cases in both References and almost no filaments faster than 3 km/s are observed. Hence, radial 301 filament speeds in simulations and experimental measurements seem to agree reasonably well.
302
In the magnetic quantities, an off-midplane mode-structure is observed in the simulations with ELMs with core-MHD modes like neoclassical tearing modes observed in some experiments.
321
While this work concentrates on the early phase of an ELM, further studies are planned to com-
322
pare the simulation of a full ELM crash to experimental observations requiring a more sophisti-323 cated modeling of the scrape-off layer. Simulations of a full ELM cycle will also be attempted.
324
Future numerical improvements and increased computational resources will be used to advance 
A. Derivation of the Induction Equation
334
The reduced MHD equations implemented in the JOREK code can be derived following Reference [16] . For the induction equation, this is shown in the following. The starting points are the well-known expression for the electric field in the MHD approximation,
and the Maxwell-Faraday law expressed in the vector potential A,
Inserting (10) into (11) and multiplying it with the toroidal unity vectorê φ yields
where the poloidal flux is identified as the major radius times the toroidal component of the vector potential, Ψ ≡ R A ·ê φ , and j = −j ·ê φ denotes the toroidal plasma current. Using Equations (8) and (9), this can be written as
which is the induction equation (Equation (3)) solved in the JOREK reduced MHD model with
In the last step, the reduced MHD approximation to
The poloidal components of Equation (11), obtained by applying the operatorê φ × to this equa- 
